In this paper, we establish an extension of the matrix form of the Brunn-Minkowski inequality. As applications, we give generalizations on the metric addition inequality of Alexander.
Introduction
The Brunn-Minkowski inequality is one of the most important geometric inequalities. There is a vast amount of work on its generalizations and on its connections with other areas, (see [2] , [5] - [13] , [21, 22] ). An excellent survey on this inequality is provided by Gardner (see [12] ). The matrix form of the Brunn-Minkowski inequality (see [14, 15] ) asserts that if A and B are two positive definite matrices of order n, then |A + B| 1=n ≥ |A| 1=n + |B| 1=n ; (1.1) with equality if and only if A = cB.c ≥ 0/, where |A| denotes the determinant of A.
In [4] , Bergström proved the following interesting inequality, which is analogous to (1.1).
If A and B are positive definite matrices of order n, and A .i/ ; B .i/ denote the sub-matrices obtained by deleting the i-th row and column, then In [9] , Ky Fan gave a simultaneous generalization of (1.1) and (1.2) . He established the following elegant inequality.
Let A k denote the principal sub-matrix of A formed by taking the first k rows and columns of A. If C = A + B, where A and B are positive definite matrices of order n, then
In this paper, a new generalization of the matrix form of the Brunn-Minkowski inequality is presented, which is an extension of (1.3) also.
Let I n−k denote the unit matrix of order n − k, .0 ≤ k < n/. One of our main results is the following theorem. 
with equality if and only if a
The other aim of this paper is to provide a generalization of the metric addition inequality of Alexander. The concept of metric addition began with Oppenheim in [20] , and was first explicitly defined and named by Alexander in [1] .
Let 1 = {P 
then 3 is called metric addition of 1 and 2 , and is denoted by
It can be proved that the set of points 3 exists and is an n-dimensional simplex (see [1] ). Alexander conjectured the following inequality:
However in [23] , Yang and Zhang proved that (1.7) is not true, and gave the following correct form
with equality if and only if 1 and 2 are similar.
As an application of Theorem 1.1, we establish the following theorem, which is a special case of Theorem 4.1 of this paper. 
The equality holds if and only if 1 and 2 are similar and
2, we can obtain (1.8). Hence (1.9) is a generalization of (1.8).
Definitions and lemmas
Let S n .R/ denote the set of n × n real symmetric matrices. Let I n denote the n × n unit matrix. We use the notation 
The proof of Lemma 2.4 can be found in [17, page 472] . 
with equality if and only if a = ¹b, where ¹ is a constant. 
and
Let A = A=A k > 0 and B = B=B k > 0. Then to prove (1.4), we need only to prove the following inequality
Notice that A and B are matrices of order n − k. By condition A > a I n , B > bI n and Lemma 2.5, we have A > a I n−k , B > bI n−k . By Lemma 2.6, there is an invertible matrix P such that |P T P| = 1, and P T AP = diag.a 1 ; : : : ; a n−k /; P T B P = diag.b 1 ; : : : ; b n−k /:
It is straightforward to see that (3.3) holds if and only if
Now we prove (3.4). Put
Applying Minkowski inequality, we have
Applying Lemma 2.7 to the right of the above inequality, we obtain
which is just inequality (3.4). This is [18, Equation (23)], so Theorem 1.1 is a generalization of the Ky Fan inequality (1.3) and (3.5) .
Replacing A and B by ½A and ¼B, and at the same time replacing a and b by ½a and ¼b in Theorem 1.1, yields the following corollary. 
for all ½ > 0; ¼ > 0; with equality if and only if a
By induction, we infer the following. 
Applying the generalized arithmetic-geometric mean inequality to the right side of (3.7), we get the following inequality. 
where 0 ≤ ½ ≤ 1: (see [1, 23] ). On the weighted metric addition, we have the following theorem. 
Inequalities for metric addition
Then the matrix A .l/ = .²
.l/ i j / n×n is a positive definite matrix. It is straightforward to verify that
then by the volume formula of a simplex, we have
Let
with equality if and only if a The proof is complete.
